Marvin Ray Burns
Monday, April 26, 2004
Précis  for

H-Option Project

Introduction

In the mastering of the subject of MATH-164: Integral Calculus & Geometry II, (5cr.) we place into view the micro-exploration of patterns in trigonometric integrals a semester long honors project.

Calculus, The Classic Edition, Swokowski, Brooks-Cole, 1991, Appendix A, page A24 lists reduction formulas for integrals of trigonometric(trig) functions raised to exponents, specifically the integral forms 73 – 78(#73 is shown below). The integrals of the trig functions being reduced call upon yet other rounds of recurring evaluation of similar integrals (albeit of lesser degree). However, pages 463 and 464 of the above mentioned book show three examples of integrals of trigonometric functions being integrated without direct reference to the reduction formulas. We will suppose that there exist patterns that give integration formulas for the trig functions that can be used without invoking the recurrence formulas, write programs that take advantage of those patterns, and derive a coherent mathematical statement for one of the supposed patterns.

An example of the above mentioned reduction formulas, p.A24 #73:
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, show the exponent of the integrand being reduced by only 2 in one application.

Glossary
The following definitions will be helpful in understanding this paper.

· co·ef·fi·cient [k ə físhənt]
(plural co·ef·fi·cients) 

n 

A number placed before a variable

· ex·po·nent [ik spṓnənt, ék spnənt]
(plural ex·po·nents) 

n 

An indicator of the times to multiply a variable
· in·te·gral [íntəgrəl, in téggrəl]
n 
A new function the derivative of which is the original function (indefinite integral)

· pré·cis [práy see, pray s]
n (plural pré·cis) 

A shortened version of something: in the case of this paper, a short explanation of what I discovered while working my H-Option Project.
· var·i·a·ble [vérree əb’l]
n (plural var·i·a·bles) 

An expression that is raised to the power of an exponent

The above definitions are for the purpose of writing and reading this précis.
Example
The purpose of this project was to uncover and tabulate patterns trigonometric integrals. The two most basic trigonometric functions are the sine and cosine. A form of the integrals of cosine of x, taken to integer powers may be looked upon as the sum of three sequences. The sequence we will see an example of in this précis is that of the coefficients. The variables and exponents also have patterns that must be defined and have been somewhat defined in various programs that will be presented in this précis. Somewhere in the integral expansions of the following expressions:
sin(x)^1=>

-1cos(x)+0  

sin(x)^2=>

-1/2*cos(x)*sin(x)+1/2*x  

sin(x)^3=>

-1/3*sin^2 (x) *cos(x)-2/3*cos(x)  

sin(x)^4=>

-1/4*sin^3 (x) *cos(x)-3/8*cos(x)*sin(x)+3/8*x  

sin(x)^5=>

-1/5*sin^4 (x) *cos(x)-4/15*sin^2 (x) *cos(x)-8/15*cos(x)  

sin(x)^6=>

-1/6*sin^5 (x) *cos(x)-5/24*sin^3 (x) *cos(x)-5/16*cos(x)*sin(x)+5/16*x  

sin(x)^7=>

-1/7*sin^6 (x) *cos(x)-6/35*sin^4 (x) *cos(x)-8/35*sin^2(x)*cos(x)-16/35*cos(x)
…
There exists the following sequence of coefficients.
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.
By predetermining the patterns of the sequence of coefficients, exponents, and variables given by integrals of functions, we can quickly and without much chance of computational error, recall the integral expansion of the functions.
Sequences like the one on the previous page are difficult to find patterns to. However, we can make pattern finding a whole lot easier by breaking a large set into several small ones, keeping in mind which elements might be most closely related. We begin by saying,
[image: image3.png]gives-1,0;
n=2 gives-112,112;

gives 113,23
gives-1/4,-3/8.3/8;

gives -5, 415-8/15;
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 then find a pattern for n=1,n=2 etc.

It is also often helpful, in finding a precise pattern, to separate the numerators of the elements from the denominators. Find a pattern for each, hopefully ones involving functions, and then if they are functions you can simply divide the function for the numerator’s pattern by the one for the denominator. Finally, find a recursive formula for that quotient. Even if you can only fill the pattern of the numerator and of the denominator with algorithms that are not functions, with some effort, you can often find recursive formulas for them both.

It is not difficult to also see that the exponents in the previous list of integrals follow a pattern. Additionally, though it might be difficult, you can find a pattern in the variables. In the following pages we will make use of the combining of these sequences to write Computer Algebra System (CAS) programs that integrate trigonometric functions much faster than the CAS does without the aid of the program. Finally, we will summarize one such function in mathematical notation.
RESULTS
Using Maple 8, and making its simplification, convert(int(__,x),sin) like convert(int(sin(x)^14,x),sin); [image: image4.wmf]1
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, my first desired form, because the result is in terms involving only one trig function. I uncovered patterns of trigonometric integrals that led to the following programs. The reader is welcome to run the below programs with understanding of two caveats. First, the following t values you put into the programs are not the exponent (n); my Maple9 program (on the last page) fixes that inconvenience. Second, the trigonometric functions used below can be simplified; when it comes to my desired form of answer, simplification, however, fails us.
I. Assign any integer value to t.
Algorithm for the integral of cos^(2t+1)[x]:

t:=7:k[0]:=product((2*i)/(2*i+1),i=1..t):k[1]:=k[0]*sin(x);k[2]:=k[0]*1/8*sin(2*x)^2/sin(x);for j from 2 to t do k[j+1]:=k[j]*1/8*(2*j-1)/j *sin(2*x)^2/sin(x)^2 od;
Algorithm for the integral of cos^(2t)[x]:
t:=7: k[0]:=product((2*i-1)/(2*i),i=1..t):k[1]:=k[0]*x;k[2]:=k[0]*1/2*sin(2*x);for j from 2 to t do k[j+1]:=k[j]*((j-1)/2)/(2*j-1)*sin(2*x)^2/sin(x)^2 od;
Algorithm for the integral of sin^(2t)[x]:
k:=product((2*i-1)/(2*i),i=1..t):c[0]:=k*x;c[0]:=c[0]/x:c[1]:=c[0]*(-1/2)*sin(2*x);for j from 1 to t-1 do c[j+1]:=c[j]*(2*j)/(2*j+1)*sin(x)^2 od;
Algorithm for the integral of sin^(2t+1)[x]:

t:=7: k[1]:=product((2*i)/(2*i+1),i=1..t)*sin(2*x)/(-2*sin(x));k[2]:=k[1]*sin(x)^2/2;for j from 2 to t do k[j+1]:=k[j]*sin(x)^2*(2*j-1)/(2*j)  od;
II. Assign an integer value to t and the cosine function to f.
 With some effort, I was able to simplify the trig functions of the previous programs and begin a process of cleaning up my programming as well. Did I say simplify the trig function? Can you figure out how I did that in the second line of the following program?
 restart:alias(C=binomial):t:=4:f:=x->sin(x):
[image: image6.wmf];
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The above programs gave integrals to some trig functions much faster than Maple 8 with the command form  convert(int(__,x),sin) did. Actually, more than 100 times faster some exponents less than 1500. (Remember, t is not n.)
> restart:clock:=time():t:=400: k[1]:=product((2*i)/(2*i+1),i=1..t)*sin(2*x)/(-2*sin(x)):k[2]:=k[1]*sin(x)^2/2:for j from 2 to t do k[j+1]:=k[j]*sin(x)^2*(2*j-1)/(2*j)  od:time()-clock;
[image: image7.wmf]0.010


> restart:clock:=time():convert(int(sin(x)^800,x),sin):time()-clock;
[image: image8.wmf]1.933


Stupendously, it is more than 20,000 times faster, for exponents larger than 1500:
> restart:clock:=time():t:=750: k[1]:=product((2*i)/(2*i+1),i=1..t)*sin(2*x)/(-2*sin(x)):k[2]:=k[1]*sin(x)^2/2:for j from 2 to t do k[j+1]:=k[j]*sin(x)^2*(2*j-1)/(2*j)  od:time()-clock;
[image: image9.wmf]0.120


> restart:clock:=time():convert(int(sin(x)^1500,x),sin):time()-clock;
[image: image10.wmf]2685.842


Notice that the previous “desired form” of the integral expansions of trigonometric functions involve powers greater than one.

In order to avoid the giving of results in terms of powers, and to get a more desired form that is well-situated for physical applications (a form that is not multi dimensional, but has linear terms), we ask if programs could be written that give faster integrals using Mathematica 5 (which by default does give such a more desired form of integrals)? Furthermore, in expanding integrals, Mathematica 5 is already several times faster than Maple 8. It is so much faster that its graph (the size of exponents vs. time) looks like a power function, while Maple 8’s graph appears to be classically exponential. (The graphs appear three pages after this.) The following is one such program I have written in Mathematica 5.
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Il n= 4; odd - CoefficientList [Series[1/Sart[(1-x)}1, {x, 0, n}], xI: form := ((2+2m) /(n-2m) +n+3-m) /m;
I£[0aA0[n] = True, var = * Cos[*; term := Hunerator[Part[odd, (n+1)/2]]; last
last ;= xBhs[ term (2+n) /n; var = Sin[’; term ;= L@@ Range[n] / (n/ 2 Binomial[n, n/2D)1;
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For[n n/2,Print[* *, last], term = term forn]; m++];
For[m - Ceiling[n/2], m> 0, k - Ceiling[n/2] + 1-m; Print[(-1*k £[n], n+2-2m, "x]+'1;
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Why write such a program? This program was designed solely for the purpose of integrating integer powers of trigonometric functions faster than Mathematica 5 does by default. The next page shows the efficiency that such a program can give.
In a torture test integrating sin(x) to the second power, third power, and on up to the one thousandth power non-stop, my program (on the previous page) was clocked to be around 25 times faster than Mathematica 5’s default integration: 
[image: image12.jpg]3 Untitted-2=

For[n=2, ns 1000, I£[0aa0[n] - True, var =* Cos[*; tern = Hunerator[Part[odd, (n+1) /2]]; last
last ;= xterm (2+m) /n+C; var = * Sin['; term - L@@ Range[n] / (n/2 Binomial[n, n/ 21)1;
i temm (n24 (n-1)):
For[m=1, m<1+Ceiling[n/2], Ms[tern] var; n+2-2m;
1e[m
1: last; Label[tag]; n++]; Print[SessionTine[ ] - t] g+l

72, 1ast; Goto[tag], term = term form]; m++;
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bpsie Fox[a=1, q<10, t = SessionTine( ] For[n =2, n< 1000, [Sin(x1*nax; nre]; Print (SessionTine [ ] -t]; av]

203.1821616
= SessionTine(]; n = 15000; odd = CoefficientList[Series[1/Sqrt[(1-3)1, {x, 0, n}], X]; form:= ((2+2m) / (n-2m) +n+3-m) /m;

I£[0aA0[n] = True, var = * Cos['; term := Nunerator [Part[odd, (n+1)/2]]; last :=" ",
216.0206224 last ;= xMbs[ term (2+n) /n; var = * Sin['; term : = La@@Range[n] / (n/ 2 Binonial[n, n/21)1;

215.6300608

214.3081600 i
For[m=1, m<1+Ceiling[n/2], £[n] = termvar; If[m==n/2, p, term = tern forn]; ms+1;
— [ ng[n/ 21, £[m] [m=n/2,p 1:mes]
For[n = Ceiling[n/2], m> 0, k = Ceiling[n/2] + 1-m; B;
216.2309248

215.4698304 Print[ SessionTine(]-t]
2147187504 16.5738320

215. 5799880
t SessionTine(l; [Sin[x1 15000 @x) Prine( sesssonTine[]- ]

244.8520800





III. In the following graphs, int() is Maple 8’s default integration, inp() is my Maple 8 program and Int() is Mathematica 5’s default integration.
	TIMING REQUIRED FOR INTEGRATION (AS THE EXPONENT GETS LARGER)

	Maple8 grows like exp(.01*n). That exponential trend holds true for even larger exponents - Int(sin(x)^2001,x) takes 9 hours, 43 min.

	Mathematica grows like n^2.

	My program in Maple grows like 0.0003*n.

	My program in Mathematica can integrate sin(x)^15,000 in 17 seconds.  (Previous page). And the first term of sin(x)^100,000,000 in  57 min. (Project Folder). That term is not small!


Results do vary and have been averaged as much as time and patience will allow. The data used in the following Excel graphs came from a P4 /2.66GH /1GB RAM laptop, with all known unnecessary programs stopped. When running your own tests, remember to restart maple, every time a final time() is given, to keep “garbage” from interfering with the results; garbage causes your processor to work on other tasks. It also causes Maple to return answers from memory.
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IV. Although it is not as fast as my Mathematica program, we can write my Maple program, inp(), in a coherent mathematical statement:
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With many large exponents, my latest version of that program is up to 30 times faster than Maple 9’s default integration; even though, Maple 9 is up to 100 times faster than Maple 8.
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> dd=proc(n) local s,i:
s[1]=int(f(x),x)binomial(N,N-1/2):
for i from 1 to N-12
i+1]=s[]*Q4-1/2*)*(x)2 0d:

..N+1/2) end proc:
> evni=y
+[0]=binomial(N-1/2,N)*x:
H[L]=t0] *int (), %) *1()/x;
for m from 1 to N
~tm]*2*m/2*m+1)*M(x)"2 od:

m='m':
+[0]+sum(¢[m],m=1..N) end proc:
> inp:=proc(n) global N;
N:=n/2:if N=floor (N) then
evn(n) else dd(n):

end if end proc:
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